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Abstract. We explore connections between geometric properties of the 
Levi foliation of a Levi-flat hypersurface M and holomorphic convex- 
ity of compact sets in M, or bounded in part by M. Applications 
include extendability of Cauchy-Riemann functions, solvability of the 
<9i,-equation, approximation of Cauchy-Riemann and holomorphic func- 
tions, and global regularity of the 9-Neumann operator. 



1. Introduction 

A real hypersurface M in an n-dimensional complex manifold is said to 
be Levi-flat if it is foliated by complex manifolds of dimension n — 1; this 
Levi foliation is as smooth as M according to Barrett and Fornasss [§]. A 
Levi-flat hypersurface locally partitions the complex manifold in two subsets 
which are both pseudoconvex along the hypersurface. Such hypersurfaces 
have recently received a lot of attention; see e.g. [2§], [35]) [50] . [52] . |55| . 

In this paper we describe a connection between the geometric properties 
of the Levi foliation and the complex analytic properties of certain compact 
sets in a Levi flat hypersurface. We indicate applications ranging from the 
approximation of Cauchy-Riemann and holomorphic functions, the exact 
solvability of the ^-equation (without shrinking the domain) , to the global 
regularity of the 9-Neumann operator on certain pseudoconvex domains in 
C n containing a Levi-flat patch in the boundary. 

In many analytic problems it is important to know that a certain compact 
set in a complex manifold admits a basis of open Stein neighborhoods; such 
a set will be called a Stein compact [31], [SB]- Sometimes one needs Stein 
neighborhoods with certain additional analytic or topological properties. A 
theorem of Siu [HE] implies that each topologically closed leaf in a Levi-flat 
hypersurface which is exhausted by a strongly plurisubharmonic function 
admits a basis of open Stein neighborhoods in the ambient complex manifold 
(see also CoHjoiu [201 and Demailly [22]). Globally the situation is more 
complicated and far from well understood. 
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One possible approach is to look for a holomorphic vector field transverse 
to M on a given compact; its flow translates M to a family of Levi-flat 
hypersurfaces, thus providing Stein neighborhoods of the original set. This 
approach was used by Bedford and Fornasss to find precise results for 
complex curves in pseudoconvex boundaries, but so far it has been less 
successful in the case of Levi-flat hypersurfaces. Here we use a different 
method. Our first main result is the following. 

Theorem 1.1. Assume that M is an orientable Levi-flat hypersurface of 
class C 3 in a complex manifold X. Let p be a strongly plurisubharmonic C 2 
function in an open set U C X such that the set A = {x € UDM : p(x) < 0} 
is compact. (Such A will be called a compact strongly pseudoconvex set in 
M.) If the Levi foliation of M is defined in a neighborhood of A by a nowhere 
vanishing closed one-form of class C 2 then A is a Stein compact. 

If we assume in addition that cL(p\m) /OonjxGMn!/: p(x) = 0} = bA 
then A is even uniformly H-convex ( Theorem 1 1 . 41 and Proposition VA.'A^t . 

Theorem II. II is proved in §3. First we show that the existence of a closed 
one-form defining the Levi foliation of M is equivalent to the existence of 
a C 3 defining function v for M such that dd c v = liddv and its first order 
derivatives vanish at every point of M ( Proposition !!-). 1ft . Such asymptotically 
pluriharmonic defining function is used to find a Stein neighborhood basis 
of A ( Propositions l3~3l and l3~5|) . With more regularity of M we also obtain 
transverse holomorphic vector fields ( Proposition 17. The restriction to 
compacts is essential; for example, the Levi-flat hypersurface M = C x M. C 
C 2 does not admit a basis of Stein neighborhoods in C 2 0. 

For the record we state here several sufficient conditions for the existence 
of a nonvanishing closed one-form defining a codimension one foliation; they 
are obtained from the classical theory of Reeb, Haefliger, Sullivan, Thurston 
and others (§4— §6) . 

Proposition 1.2. A transversely orientable codimension one foliation C of 
class C r (r > 2) on a C r manifold M is defined in a neighborhood of a certain 
compact set A C M by a closed nowhere vanishing one-form of class C r ~ l 
provided that any one of the following conditions holds: 

(a) C is a simple foliation in a neighborhood of A ( every point admits a 
local transversal to C intersecting each leaf at most once). 

(b) There is an open neighborhood U C M of A such that every leaf of 
the restricted foliation C\jj is topologically closed in U. 

(c) C has no nontrivial one-sided holonomy (this is the case when M 
is real analytic, or when the leaves are simply connected), and each 
element of iri(M) is of finite order. 

(d) M is compact and there is a compact leaf L G C with ff 1 (L,IR) = 0. 

(e) H X {A, C^ -1 ) = where C£ -1 * s ^ e sheaf of real valued C r ~ 1 functions 
on M which are constant on the leaves of C 
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The sufficient conditions in Theorem 1 1 . 1 1 and Proposition 11.21 seem fairly 
close to optimal. In §8 we show, using an example due to Bedford and 
Fornaess p. 21], that the conclusion of Theorem 1 1 . 1 1 ( and of most analytic 
applications mentioned below) fails in general in the presence of a leaf with 
nontrivial infinitesimal holonomy. In that example M is a real analytic 
Levi-flat hypersurface in C* x C whose intersection with a certain compact 
strongly pseudoconvex domain fails to be a Stein compact, and both sides 
of M are worm domains in the sense of Diederich and Fornasss |23j . 

In 12] Straube and Sucheston constructed closed one-forms defining cer- 
tain Levi foliations on a compact hypersurface with boundary M C C 2 , 
assuming that the leaves are closed and the foliation satisfies certain geo- 
metric conditions at bM. (See also (SSI P- 256, Proposition].) Using ideas of 
Sullivan jf)5] they characterized the existence of a smooth closed one-form 
defining the foliation in terms of foliation currents associated to a transverse 
flow |641 p. 152, Proposition 2 and Theorem 3]. 

Condition (c) in Proposition 11.21 implies the following. 

Corollary 1.3. If M is a simply connected, real analytic, Levi-flat hyper- 
surface in a complex manifold X then every compact strongly pseudoconvex 
subset A C M is a Stein compact in X . 

We now indicate some analytic applications of Theorem 11.11 Our orig- 
inal motivation were problems on extendibility of Cauchy-Riemann (CR) 
functions and solvability of the ^-equation. Consider the following setup: 

(1) X is a Stein manifold of dimension n > 2, 

(2) D CC X is a smoothly bounded strongly pseudoconvex domain, 

(3) M is a Levi-flat hypersurface in X intersecting bD transversely, 

(4) A = M n D, and 

(5) Q is a connected component of D\M such that bVl = A U u>, where 
uj is an open connected subset of bD. 

Let d be a distance function on X induced by a smooth Riemannian 
metric. A compact set A in X is uniformly Ti-convex if there are open Stein 
domains U v C X (y = 1, 2, . . .) and a number c > 1 such that 

(1.1) {x G X: d(x,A) < — } C U v C {x E X : d(x,A) < -), ueK 
k cu V 

The following result follows from Theorem 1 1 . 1 1 and Proposition 13.31 

Theorem 1.4. LetX,M,D,A be as in (1 )-(4 ), with bD of class C 2 . If one 
of the conditions in Theorem li.il or Proposition li.ifl holds then the set A, 
and also the closure of every connected component of D\M , is uniformly 
H-convex (and hence a Stein compact). 

Assuming the above setup (l)-(5) we consider the following analytic con- 
ditions; (A2) and (A3) are relevant only if n > 3. 
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(Al): Every continuous CR function on ui extends to a (unique) con- 
tinuous function on E(ui) =Q,\A which is holomorphic in fi. 

(A2): For every smooth (0, q)-form / on u (1 < q < n — 3) satisfying 
dbf = there is a smooth (0, q — l)-form u on ui such that d^u = f . 

(A3): For every smooth (0, n — 2)-form / on u for which J* f A if = 
for every smooth, enclosed (n, l)-form ip on X\A such that supp</?n 
supp/ is compact there is a smooth (0, n — 3)-form u on uj satisfying 
d b u = f. 

We recall the following result of the second author. 
Theorem 1.5. (031) If £1 is a Stein compact then 

(Al), (A2) and (A3) hold <=> H n ' q (A) = for all 1 < q < n - 1. 

Since all Dolbeault cohomology groups of a Stein compact vanish, Theo- 
rems 11.11 11.41 and 11.51 together imply 

Corollary 1.6. Assuming the setup (l)-(5), each of the conditions in The- 
orem [7T71 a,nd Proposition \1.2i implies that (Al), (A2), (A3) hold. 

Results on extendability of CR functions from caps u C bD have been 
obtained in [12], (3^1, [IS]) 03 • For solutions of the cVequation on ui 
without estimates up to the boundary see 03]; for L p and Sobolev estimates 
see M.-C. Shaw gS], [SH] 

Our next application depends on the results of Boas and Straube [T2*] . 
|13j on regularity of the 9-Neumann operator N q on smoothly bounded 
pseudoconvex domains Q CC C n . (See also Straube |)JJ and Straube and 
Sucheston jf25], ]S3]. We thank E. Straube for pointing out this connection.) 
Recall that N q is the inverse of the complex Laplacian □ = dd + d d 
acting on (0, g)-forms, and the Bergman projection P q = I — d*N q+ \d is 
the orthogonal projection from the space of (0, q)-forms with L 2 -integrable 
coefficients onto the subspace of enclosed forms. (For the <9-Neumann theory 
see [TI|, |21, 00]-) Let W? Q q Jtt) denote the Sobolev space of all (0, g)-forms 
whose coefficients have partial derivatives of order < s in L 2 (S7). 

Theorem 1.7. Let £1 CC C n be a smoothly bounded pseudoconvex domain. 
Assume that the (compact) set A C b£l, consisting of all points of infinite 
DAngelo type |21j . satisfies the following properties: 

(i) A is the closure of its interior in b£l, and 

(ii) A is a strongly pseudoconvex set in a smooth Levi-flat hypersurface 
M cC n . (See TheoremXTlS.) 

If the Levi foliation of M is defined in a neighborhood of A by a smooth closed 
1-form (in particular, if one of the conditions in Proposition ^^ holds ) then 
the d-Neumann operator N q and the Bergman projection P q are continuous 
on W/q n(O) when < q < n and s > 0. 
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Theorem ll.7l is proved in §7. The conclusion may fail if A is not the closure 
of its relative interior in b£l; a well known example is the complex annulus 
in the boundary of the Diederich-Fornaess worm domain [23] (Barrett jSj, 
Christ ^H])- See also the example in §8 below. 

We conclude this introduction by two theorems on holomorphic approx- 
imation which are proved in §7. The first of them was proposed by G. 
Tomassini (private communication). Note that a function on a Levi-flat 
hypersurface is a CR function if and only if its restriction to every leaf is 
holomorphic. Any CR function on a CR submanifold admits local holomor- 
phic approximations [S]. 

Theorem 1.8. Let A C M C X = C n be as in Theorem M.ll Assume that 
M is of class C r , r > n+2, and its Levi foliation is defined in a neighborhood 
of A by a closed one-form of class C r ~ l . Let k S {0,1,... , r — 1} and 
< a < 1. Every CR function of class C k,a in a neighborhood of A in 
M can be approximated in the C k,a sense by functions holomorphic in a 
neighborhood of A in X. 

We believe that a version of Theorem 11.81 can also be proved for Levi- 
flat hypersurfaces in an arbitrary complex manifold since A admits Stein 
neighborhoods; however, it appears that the smoothness hypothesis on M 
should be higher, and for simplicity we restrict ourselves to X = C n . 

The final result depends on a theorem of Fornaess and Nagel [22] ; we 
thank E. Straube for calling this to our attention. 

Theorem 1.9. Let £1 CC C n be a smoothly bounded pseudoconvex domain 
and A a compact subset of 6fi satisfying the following: 

(i) A is the closure of its interior in bQ, 

(ii) b£l\A is strongly pseudoconvex, and 

(ii) A is a strongly pseudoconvex set in a smooth Levi-flat hypersurface 
M C C n (see TheoremWl\). 

If the Levi foliation of M is defined in a neighborhood of A by a smooth closed 
1-form (in particular, if one of the conditions in Proposition ^^ holds) then 

(1) O admits a basis of open Stein neighborhoods in C n , and 

(2) every function which is holomorphic in Q and continuous on f2 can be 
approximated uniformly on £1 by functions holomorphic in a neigh- 
borhood of £1. 

2. Preliminaries 

We denote by fr\ the r-jet extension of a function or a differential form 
rj on a manifold X. (In local coordinates on X, j r n is the collection of 
all partial derivatives of order < r of the components of rj.) The notation 
j r v\M = will mean that the r-jet j r n (with respect to all variables in the 
ambient manifold X) vanishes at all points p 6 M. 
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We recall some relevant notions concerning codimension one foliations and 
Levi-flat hyper surf aces. Our general references for the theory of foliations 
will be US], P2|, EU, and 

Let M be a real manifold of dimension m and class C r , r G {1, . . . , +00, uj}, 
where means real analytic. A foliation C of codimension one and class 
C r on M is given by a foliation atlas U = {(Uj, <j)j) : j G J} where {t7j}j g j 
is a covering of M by open connected sets, for every index j G J the map 
fa = [(j)' p hj): Uj -> Pj = Pj x Z,- c K™" 1 xMisaC diffeomorphism, and 
the transition maps are of the form 

9ij(u, v) = <j>iO ^(u, v) = (aij(u, v), bij(v)) 

where bij is a diffeomorphism between a pair of intervals in M. Each leaf 
L G C intersects Uj in at most countably many plaques {x G Uj: hj(x) = 
c G Ij}. The collection {bij} is called a holonomy cocycle, or a Haefliger 
cocycle, determining £ ^Bj, |SS]- A foliation is transversely orientable (resp. 
transversely real analytic) if it admits a foliation atlas in which all diffeomor- 
phism bij preserve the orientation of M. (resp. are real analytic). A continuous 
function u: M — > K is a first integral for C if u has no local extrema and 
is constant on every leaf of C; u G C X (M) is a noncritical first integral if in 
addition du 7^ on M. 

A closed loop 7 in a leaf L G £ determines a germ of a diffeomorphism 
?/> 7 (the holonomy of 7) on any local transversal f C M at a point G 7, 
depending only on the homotopy class [7] G tti(L,xq). The induced map of 
tti(L,xq) to the group of germs of diffeomorphisms of (£, xo) is called the 
(germinal) holonomy homomorphism of L. C has trivial leaf holonomy if ip^ 
is the germ of the identity map for any loop 7 in a leaf of C; this holds in 
particular if all leaves are simply connected. 

We say that C admits (nontrivial) one-sided holonomy if the holonomy 
map tjjry of some leaf L, defined on a local transversal t at some p G L, 
equals the identity map on one side of p in £, but not on the other side. A 
transversely real analytic foliation has no nontrivial one-sided holonomy. 

Let X be a complex manifold with the complex structure operator J. 
The operator d c = — J*d is defined on functions by (d c v,£) = —(dv,J£) for 
£ G TX. In local holomorphic coordinates (z\, . . . , z n ), with Zj = Xj + iyj 
and Ji£r) = 4' we have = E ]=l "Sj dxj + % dy r Then d = d + d, 

d c = i{d — d), and dd c = 2idd = Y^jk=i dz dz k ^ ^ k ^ s ^ ev ^ f orm 
operator. A function v on X is pluriharmonic if and only if dd c v = 0. 

Let M = {v = 0} C X be a real hypersurface defined by a real function 
v G C r {X) (r > 2) with dv ^ on M. The set T C M = TM n J(TM) = 
TM n ker d c v is a real codimension one subbundle of TM. The Levi /orm 
of M is the quadratic map T C M — ► M given by 

T C M 3 e -»■ {dd c v, £ A J^) = -(dS, J^]). 
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(The last expression, which follows by Cartan's formula, assumes that £ is a 
vector field tangent to T M.) The hypersurface M is Levi- flat if this form 
vanishes identically; this is equivalent to dd c v A d c v = on TM which is 
the integrability condition for T C M = ker (c? c i>|tm)- By Frobenius' inte- 
grability theorem the latter is equivalent to the existence of a codimension 
one foliation of M by submanifolds tangent to T M, that is, by complex 
hypersurfaces. For Levi- flat hypersurfaces of low regularity see [2] and |57j . 

3. Asymptotically pluriharmonic functions and Stein compacts 
In this section we prove Theorem ll.il We begin by preparatory results. 

Proposition 3.1. Let M be an oriented, closed, Levi-flat hypersurface of 
class C r (r > 2) in a complex manifold X. The following are equivalent: 

(i) M admits a defining function v E C r (X) with j r ~ 2 (dd c v)\M = 0. 

(ii) The Levi foliation of M is defined by a closed one-form of class C . 

Lf M is simply connected then (i) and (ii) are further equivalent to 

(hi) There exists f = u + iv E C(X) such that M = {v = 0}, dv ^ on 
M, andf- 1 (df)\ M = 0. 

The equivalences in Proposition 13 1 II also hold in the real analytic category 
(see Remark 13. 2|) . In that case (i) means that M is defined by a function 
v which is pluriharmonic in a neighborhood of M in X, and the function 
/ = u + iv in (hi) is holomorphic in a neighborhood of M. 

A function / satisfying j r ~ 1 (df)\M = is said to be asymptotically holo- 
morphic of order r — 1 on M, and a function v satisfying j r ~ 2 (dd c v)\M = 
is asymptotically pluriharmonic of order r — 2 on M. Since integrability of 
the subbundle T C M is equivalent to d c v f\dd c v\xM = for some (and hence 
any) defining function v for M (§2), a hypersurface M = {v = 0} with a 
defining function satisfying dd c v\xM = is necessarily Levi-flat. 

Proof. (i)=>(ii): Denote by t: M X the inclusion map. Let C denote 
the Levi foliation of M, with the tangent bundle TC = T C M. Assume 
that v £ C r (X) satisfies dv\M ^ and dd c v\M = 0. From = L*(dd c v) = 
dM(t*d c v) we see that the one-form r\ = i*{d c v) is closed on M. Also, 
ker 77 = T C M = TC and hence r\ defines the Levi foliation. Indeed, for 
£ £ T X M we have (77, £) = (d c v,£) = —(dv, J£) which is zero if and only if 
J£ e ker dv x = T X M, i.e., when f E T X M. 

(ii)=>(i): Let TC = ker 77 where r/ is a closed one- form of class C 7 *" 1 on 
M. Locally near a point p E M we have 77 = — cfct for some C r function u 
which is unique up to an additive real constant. Denoting by ii,: L M 
the inclusion of a leaf, we have d(u\i) = t* L {du) = = 0. This shows that 
u is constant on each leaf of C and hence a Cauchy-Riemann (CR) function 
on M. Hence u admits a C r extension / = u + iv to a neighborhood U C X 
of p such that j r ~ 1 df\Mnu = 0; such / is unique up to a term which is flat 
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to order r along M ( |14[ p. 147], Theorem 2 and the remark following it). 
Since dd c = 2idd, the above implies f'~ 2 dd c (u + iv)\Mnu = 0. As dd° is 
a real operator, it follows that j r ~ 2 dd c u\Mnu = and j r ~ 2 dd c v\Mnu = 0. 
Thus v satisfies condition (i) on M D U. Since any two local solutions v 
obtained in this way differ only by a term which is r-fiat on M, we obtain 
a global solution v by a smooth partition of unity. In the real analytic case 
the local pluriharmonic solutions are unique and no patching is needed. 

If M is simply connected and TC = ker r\ for some one-form r\ of class C r ~ l 
with dr\ = 0, we have r/ = —du for some u E C r (M). The same argument 
as above gives an asymptotically holomorphic extension / = u + iv into 
a neighborhood of M in X (holomorphic in the real analytic case), thus 
showing the equivalence of (hi) with (i) and (ii). □ 

Remark 3.2. The equivalence (i)^=>(ii) in Proposition 13.11 was proved in 
the real analytic case by D. Barrett p. 461, Proposition 1]. For r = 2 it 
also follows from results of Straube and Sucheston (combine the equivalence 
(i)<^(iv) in p. 252, Theorem] (in the exact case with e = 0) and jHU p. 
152, Proposition 2]). 

The equivalent conditions in Proposition 13 . 1 1 hold in a small neighborhood 
of any point in M: take a local C r first integral u of C and extend it to a 
<9-flat function / = u + iv as above. Such / gives a local asymptotically 
holomorphic flattening of M which in general cannot be chosen holomorphic 
on any side of M by |l()j . A real analytic Levi-flat hypersurface need not 
admit a holomorphic flattening on large domains, not even on contractible 
ones |27j . 

Theorem 1 1 . 1 1 will follow from Proposition 13 . 1 1 and the following result. 

Proposition 3.3. Let M be a Levi-flat hypersurface of class C 3 in a complex 
manifold X and p a function of class C 2 in an open set U C X such that 

(i) the set A = {x G U Pi M : p(x) < 0} is compact, 

(ii) d(p|jvf) ^ at every point of bA = {x £ M C\U : p(x) = 0}, and 

(iii) dd c p > on T^M at each point x £ A. 

Lf M n U admits a defining function v G C 3 (C7) satisfying j 1 (dd c v)\A = 
then A is uniformly 71- convex, and hence a Stein compact. 

Proof. Choose a smooth Riemannian metric on X and denote by |£| the 
associated norm of any tangent vector £ £ TX. Since dd c p > on T C M 
at the points of A, the function p = p + Cv 2 is strongly plurisubharmonic 
in an open neighborhood of A in X provided that the constant C > is 
chosen sufficiently large. Replacing p by p and shrinking U around A we 
may therefore assume that the quantities \dv\ and dd c p > are bounded, 
and also bounded away from zero, on U. The distance of a point x £ U to 
M is comparable to |f(x)|. 
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Set = {x G U : =t v(x) > 0}. Choose a small c > such that 
{x G U H M : < c} CC P and each value in [0, c] is a regular value 
of p\mciU- Then (fo and cip are R- linearly independent at every point of 
E = {i£MnP: = c}. Choosing {7 sufficiently thin around M <T\U 
we insure that the set D = {x G £7 : < c} has C 2 boundary intersecting 
M transversely along i?. For small e > and x £ U set 

v t( x ) = ±v(x) + e(p(x) - c), 
Tf = {xeU:vf(x)=0}, 

O e = { x G £7: < 0, u e ~(x) < 0, p(x) < e}. 

(See fig-H) For sufficiently small e > we have dvf- = ±dv + edp ^ on U; 
hence are C 2 hypersurfaces satisfying flDc U and r+ n r~ = E. 
As e — > 0, the domains f2 e shrink down to A 




Figure 1 . The domain Q, t 

We claim that the functions vf- are strongly plurisubharmonic on Q e pro- 
vided that e > is sufficiently small. By the choice of U there is Co > 
such that (dd c p(x),£AJ£) > C |£| 2 for x G U and f G T^X. Since ^(dd^) 
vanishes on A, we have |cZcZ c v(x) | = o(\v (x)\ + e). (The extra e takes care of 
the points near O e n M\A.) For x G il e we also have 

\v (x)\ < e\p(x) — c\ < C\e 

with C\ = sxvp{\p(x) — c| : x G D}; hence \dd c v(x)\ = o(e) for x G £l e as 
e — > 0. This gives for x G Sl e and £ G T X X: 

(dd c vf(x),£ A JO = e(dd c p(x) , £ A J£ ) ± (dd c v(x) , ^ A J^) 

> (C 6- O (e))-|e| 2 

which is positive for sufficiently small e > and for £ ^ 0. This establishes 
the claim. 
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Choose a smooth strongly increasing convex function h: (— oo,0) — > R 
with lini4_»o h(t) = +00. The function 

t(x) = h{v+{x)) + h(v~(x)) + h(p(x) - e), x £ fi e 

is then a strongly plurisubharmonic exhaustion function on f2 e , and hence 
£l t is Stein according to [381 p. 127, Theorem 5.2.10]. The family {f^} is 
therefore a Stein neighborhood basis of A in X satisfying Ql.l|l . □ 

Remark 3.4. Hue C 3 {U) is a defining function for M n U which satisfies 
j 1 {dd c v)\Mnu = then the function r = — log v + p, defined on U n > 0} 
and tending to +00 along M n U, is strongly plurisubharmonic near A. 
Indeed, we have 

dd c T = — - defy + dv A cf u + <i(f p. 
v v z 

From j 1 (dd c v)\M — we infer that the first term vanishes on M, the second 
term is nonnegative since 

(dv A d c v, f A Jf ) = (du, 0(d c u, JO - <du, JC)(d c w, = (du, C) 2 + <du, J^) 2 , 

and the last term dd c p is positive since p is strongly plurisubharmonic. The 
analogous observation holds for — log(— v) + p from the side {v < 0}. 

Proof of Theorem M.ll Choose a small c > which is a regular value 
of the function p\m such that the set A c = {x £ M n U : p(x) < c} is 
compact and the hypothesis concerning the Levi foliation of M still holds 
on a neighborhood of A c . By Proposition 13.11 there exists a C 3 defining 
function v for M near A c satisfying j 1 (dd c v) = on A c . Proposition 13.31 
now implies that A c is uniformly W-convex and hence a Stein compact. Since 
there exist arbitrarily small numbers c > for which the above holds, the set 
A = Aq is a Stein compact as well. This concludes the proof of Theoreir jl.il 

Theorem 11.41 is obtained in exactly the same way as Theorem 11.11 by 
combining Proposition 13. II and the following result. 

Proposition 3.5. Let D be a relatively compact, strongly pseudoconvex do- 
main in a Stein manifold X, and let M C X be a C 3 -smooth Levi- flat hy- 
persurface intersecting bD transversely. Set A = M n D. If M admits a 
defining function v G C 3 (X) satisfying j 1 (dd c v)\A = then the set A, as well 
as the closure of any connected component of D\M , is uniformly 7i- convex, 
and hence a Stein compact in X . 

Proof. Let D = {p < 0} where p is a strongly plurisubharmonic function in a 
neighborhood of D in X. Assume first that D\M = D + UD~ consists of two 
connected components D^. We may assume that v > in D + locally near 
M n D. For sufficiently small e > the hypersurface r~, constructed in the 
proof of Proposition 13.31 intersects the hypersurface {p = e} transversely. 
Let Q t denote the domain bounded by T~ and by the part of {p = e} on 
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which v~ < 0. (Thus £l t contains D + but not D~ .) The argument in the 
proof of Proposition 13.31 shows that T~ is strongly pseudoconvex and hence 
il e is Stein. Thus D + is uniformly "H-convex. The analogous argument 
applies to any connected component of M H D, and also to A itself. □ 

4. Simple foliations 

In this and the following two sections we show how Proposition ll.2l fo flows 
from the classical theory of codimension one foliations. We provide sufficient 
details and references to make the paper accessible to a reader without a 
substantial background in foliation theory. 

By C we shall always denote a transversely orientable codimension one 
foliation on a manifold M. We begin by recalling some basic facts. 

1. £ is defined by a closed one- form if and only if it admits a foliation 
atlas whose holonomy cocycle consists of translations in M |16| p. 28], |35j . 

2. A foliation defined by a closed one- form rj has trivial leaf holonomy 
[TBI p. 80], [nni Theorem 3.29]. Indeed, if 7 is a simple closed loop in a 
leaf L then f rf = (since t]\l = 0); choose p G 7 and define u(x) = J* rj 
(the integral is independent of the path in a tubular neighborhood of 7); 
then du = rj ^ and hence u is a first integral for £ which is injective on 
a local transversal at p, so the germinal holonomy of L along 7 is trivial. 
Conversely, a transversely orientable codimension one foliation C without 
holonomy and of class C r (r G {2, . . . , +00}) is topologically, but in general 
not diffeomorphically, conjugate to a C r foliation defined by a closed nowhere 
vanishing one-form (Sacksteder [52], |16| §9.2 and p. 218]). 

3. The Godbillon-Vey class of a foliation C given by a one-form 77 is 
gv(C) = [77 A a A 0\ G H 3 (M, M) where a, f3 are one-forms satisfying drj = 
a A rj, da = /3 A 77 (pH p. 38], [2H], [22], [S3 Theorem 2.3]). Clearly drj = 
implies gv(C) = 0. 

Definition 4.1. ( |31| p. 79]) A foliation £ on a manifold M is simple if 
every point p G M is contained in a local transversal ^ C M to £ which is 
not intersected more than once by any leaf of C. 

We begin the proof of Proposition ll.2l bv observing that conditions (a) and 

(b) are equivalent. Indeed, choosing an open relative neighborhood U CC M 
of A with C 1 boundary, the first Betti number of U is finite and hence the 
condition (b) (that all leaves of C\u are closed) implies that the foliation is 
simple |31| p. 116, Lemma II. 3. 9]. The converse is seen by observing that a 
nonclosed leaf must accumulate on some leaf L, and hence it will intersect 
a local transversal to L infinitely many times. 

The implication (d)=>(a) follows from the stability theorems of Reeb and 
Thurston ^] p. 78, Theorem 5], ^§] §6.2], [22 II. 3]. The implication 

(c) =^(a) will be shown in §5, and (e) is discussed in §6. 
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The following result, which was proved for simply connected manifolds 
by Haefliger and Reeb [Hill) shows the sufficiency of (a) in Proposition 11.21 

Theorem 4.2. A transversely orientable simple foliation of codimension 
one and class C r (r £ {2, ...,+oo}) is defined in a neighborhood of any 
compact set by a closed nowhere vanishing one-form of class C r . 

Globally such one-form need not exist even if M = M 2 \§7\, and it cannot 
be chosen real analytic even if the foliation is real analytic |3U1 p. 122]. 

Having been unable to locate a precise reference for Theorem 14.21 we 
include a proof following the methods of Haefliger and Reeb [HEj • We begin 
by recalling some results concerning the leaf space of a simple foliation. 

Proposition 4.3. (Haefliger and Reeb (HHi) Let £ be a simple foliation 
of codimension one and of class C r (r > 1) on a connected manifold M . 
The space of leaves Q = M/C carries the structure of a connected, one 
dimensional, not necessarily Hausdorff C' r manifold such that the quotient 
projection ir : M — ► Q is a C r submersion. The leaf space Q is orientable if 
and only if C is transversely orientable, and Q is simply connected if and 
only if M is such. Every function on M which is constant on the leaves of 
C is of the form f o ir for some function f : Q — ► M. 

The C r structure on the leaf space Q = M/C is uniquely determined by 
the requirement that the restriction of the quotient projection tt: M — > Q 
to any local C r transversal I C M to the foliation £ is a C r diffeomorphism 
of I onto ip(£) C Q. 

To prove Theorem l4.2l it suffices to find a nowhere vanishing one-form 8 on 
the leaf space Q = M/C; it's pull-back r/ = tt*6 is then a nowhere vanishing 
one-form on M satisfying kerr? = TC. A non-Hausdorff manifold Q need 
not admit any nonconstant C 1 functions or one- forms (Wazewski |67j : |36j^: 
however, one can do this on compact subsets as we now explain. 

A point q in a non-Hausdorff manifold Q is said to be a branch point 
if there exists another point q' £ Q different from q such that q and q' 
have no pair of disjoint neighborhoods; such {q, q'} is called a branch pair. 
(This relation is not transitive.) Branch points of Q = M/C correspond to 
separatrices of the foliation C. For a given q £ Q there may exist infinitely 
many q' G Q such that {q, q'} is a branch pair. The main difficulty is that 
a germ of a smooth function at a branch point need not correspond to the 
germ of any global function on Q (see an example in |36| ) . A one dimensional 
non-Hausdorff manifold Q of class C r is said to be regular if every germ of 
a C r function at any point q S Q is the germ at q of a global C r function on 
Q [HIE p. 116, Def. 2]. The following results are due to Haefliger and Reeb. 

Proposition 4.4. ( |36| p. 123, Proposition]) Let C be a simple C r foliation 
of codimension one on a manifold M . For any open relatively compact 
domain A C M the leaf space Qa = A/ Ca of the restricted foliation Ca is 
a regular, not necessarily Hausdorff, one dimensional C r manifold. 
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Proposition 4.5. ([SHI P- 117, Proposition 1]) A regular, simply connected, 
one dimensional manifold of class C (r > 1), not necessarily Hausdorff, 
admits a C r function with nowhere vanishing differential. 

Combining Propositions 14.31 14.41 and 14.51 one gets the following result 
which was proved for smooth foliations of M 2 by Kamke |39j . 

Corollary 4.6. Let r > 1. A simple foliation of codimension one and class 
C r on a manifold M admits a noncritical first integral of class C r on any 
relatively compact, simply connected open set in M . 

Assume now that (M, C) satisfies the hypotheses of Theorem 14.21 Choose 
a compact set K in M. By |.31[ Lemma IV. 1.6] there is a relatively compact 
domain A CC M, with K C A, whose boundary bA is of class C r and in 
general position with respect to C, meaning that any local defining function 
for C is a Morse function when restricted to bA, and distinct critical points 
of these functions belong to distinct leaves of C |HB P- 228, Def. IV.1.4.]. 

Note that a point p 6 bA is a critical point of a local defining function for 
L (restricted to bA) precisely when the leaf through p meets bA tangentially 
at p (it is a separatrix). By our choice of A all but finitely many leaves 
intersect bA transversely, and hence the leaf space Qa = Aj La has at most 
finitely many branch points. Furthermore, since distinct points of contact of 
the leaves with bA belong to distinct leaves, Qa has at most double branch 
points. 

To complete the proof of Theorem 14.21 it suffices to show the following. 

Proposition 4.7. An oriented, not necessarily Hausdorff, one dimensional 
manifold of class C r (r £ {1,2,..., +°°}) which is regular and has at most 
finitely many double branch points (and no multiple branch points) admits 
a nowhere vanishing differential one-form of class C . 

Proof. Fix an orientation on Q. Let Xj, yj £ Q (j = 1, . . . , k) be all pairs of 
branch points, i.e., Xj and yj cannot be separated by open neighborhoods, 
but any other pair of distinct points of Q can be separated. For every j we 
choose an open neighborhood Uj C Q of xj and an orientation preserving 
C r diffeomorphisms hj : Uj —> I = (—1, 1) C M. By regularity of Q we can 
assume that hj extends to a C r function hj : Q — > M.. The extended function 
necessarily has nonzero derivative at the point yj which forms a branch pair 
with Xj and hence 9j = dhj is a nowhere vanishing one- form of class 
C r in an open connected neighborhood Vj C Q of the pair {xj,yj}. We 
may assume that the closures Vj for j = 1, . . . , k are pairwise disjoint. 

Choose a smaller compact neighborhood Ej CC Vj of {xj,yj} such that 
Vj\Ej is a union of finitely many segments, none of them relatively compact 
in Vj. (We have three segments for a suitable choice of Ej.) Set V = 
U k j=l Vj and E = U k j=1 Ej. Then Q = Q\E is an open, one dimensional, 
paracompact, oriented Hausdorff manifold, hence a union of open segments 
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and circles. Any circle in Qq is a connected component of Q; choosing a 
nowhere vanishing one-form on it (in the correct orientation class) does not 
affect the choices that we shall make on the rest of the set. We do the same 
on any open segment of Qq which is a connected component of Q. 

It remains to consider those open segments of Qq which intersect at least 
one of the sets Vj\Ej. Choose such a segment J and an orientation preserv- 
ing parametrization (j): I = (—1, 1) — > J- Let I' = {t € I: (p(t) G V}. Then 
I' consists of either one or two subintervals of /, each of them having an 
end point at —1 or at +1. Each of these subintervals is mapped by (j> onto 
a segment in one of the sets Vj\Ej. (The other possibilities would require a 
branch point of Qq, a contradiction.) 

Consider the case when I' = Iq U I\ where Iq = (—1, a), I\ = (6, 1) for a 
pair of points — 1 < a < 6 < 1. Let j and I be chosen such that 4>(Iq) C Vj, 
4>(Ii) C VJ (we might have j = I). Note that <fi(a) is an endpoint of Vj and 
4>(b) is an endpoint of Vj. Then 4>*8j = d(hj o cp) resp. <p*6i = d(h\ o 4>) are 
nowhere vanishing one- forms on Iq resp. on I\, both positive with respect to 
the standard orientation of R. Choose a one-form r on (—1, 1) which agrees 
with the above forms near the respective end points —1 and +1 (obviously 
such r exists). Then (<p~ 1 )*T is a one-form on J = <p(I) C Qq which agrees 
with 9j in a neighborhood of Ej, and it agrees with 8i in a neighborhood 
of Ei. Similarly one deals with the case that J intersects only one of the 
sets Vj . Performing this construction for each of the finitely many segments 
J C Qq which intersect V we obtain a nowhere vanishing one-form on Q. □ 

Remark 4.8. We wish to elucidate the connection with the methods of 
Straube and Sucheston Here we constructed a closed one- form by 

working directly on the leaf space (Proposition 14. 7|) . In |64j the authors 
look instead for a multiplier h such that e h r] is a closed one-form defining 
the Levi foliation C. To understand this, choose a vector field T on M 
satisfying (rj,T) = T\i] = 1 and set a = — Lier(7/), the Lie derivative of rj in 
the direction — T. Then drj = a A rj, and a = if dt] = |661 Proposition 
2.2]. The pull-back ai to a leaf is always closed, and hence it defines a De 
Rham cohomology class [oll] G i^ 1 (L;IR). From 

d(e h 7]) = e h (dh Ar/ + drj) = e h (dh + a) A rj 

we infer that e h rj is closed if and only if dh]^ + at, = on every leaf L. 
A solution on L exists if and only if [o^] = £ i/ 1 (L;M), and this holds 
precisely when L has trivial infinitesimal holonomy. (Indeed, for any closed 
oriented curve 7 C L we have § a = ipty(0) — 1, where t — ► ipj(t) is the 
holonomy map of 7 on a local transversal to £ at a point p = ip^ (0) G 7.) 
Under suitable geometric conditions on C, and without assuming that the 
foliation extends past bA, Straube and Sucheston [12] found a solution h 
when dimM = 3. 
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5. LEVI-FLAT HYPERSURFACES WITHOUT ONE-SIDED HOLONOMY 
The following result shows sufficiency of condition (c) in Proposition ^21 

Theorem 5.1. Let M be a smooth orientable Levi- flat hypersurface in a 
complex manifold X such that every element ofir\{M) is of finite order and 
its Levi foliation £ has no nontrivial one-sided holonomy ( the latter holds in 
particular if M is real analytic, or if the leaves of £ are simply connected). 
Then the restriction C\ u to any open relatively compact subset lo CC M is 
defined by a closed smooth one-form, and M admits a C°° defining function 
v such that dd c v is flat on u>. If in addition lo is simply connected, there are 
an open set U C X, with M n U = lo, and a function f = u + iv £ C°°(U) 
such that v is a defining function for M CiU, u\ u is a first integral of the 
Levi foliation and the forms df , dd c u and dd c v are flat on lo. 

The example in §8 shows that Theorem 15 . 1 1 mav fail if M is real analytic 
and 7Ti(M) = Z. In general the function / in Theorem 15 . II cannot be chosen 
holomorphic even if M is real analytic and lo is contractible . 

Proof. Let £ be a smooth, transversely orientable, codimension one foliation 
of a connected smooth manifold M. By Haefliger |35| (see also |«-tl| p. 228, 
Theorem 1.3]) the existence of a closed, null homotopic transversal 7 C M 
to £ implies the existence of a leaf L € £ with nontrivial one-sided holonomy 
along some closed curve in L. (The proof relies on the Poincare-Bendixson 
theorem applied to the characteristic foliation induced by £ on a two-disc 
with boundary 7.) Hence the conditions in Theorem 15.11 imply that £ does 
not admit any closed transversal. 

Let I C M be a smooth embedded arc transverse to £. We claim that 
each leaf L € £ intersects I in at most one point (and hence £ is a simple 
foliation). If not, we find a subarc r C £ whose endpoints p and q belong to 
the same leaf L. Connecting q to p by an arc r' C L we get a closed loop 
A = t-t 1 C M. Using the triviality of the normal bundle to C along t' we 
can modify A in a small tubular neighborhood of t' into a closed transversal 
A to £ |31| p. 228, 1.2. (hi)]. Since we have seen that a closed transversal 
does not exist under the stated hypotheses, this contradiction proves the 
claim and shows that £ is a simple foliation. 

Theorem 14.21 now implies that £ is defined on any relatively compact 
open subset lo CC M by a smooth closed one- form 77, and Proposition 13.11 
furnishes a smooth defining function v with dd c v flat on lo. 

If lo is simply connected then rj = du for some u £ C°°(u). Clearly u 
is constant on the leaves of £, i.e., a first integral of C\ u . Its asymptotic 
complexification / = u + iv is a smooth function in an open set U C X with 
U Hi M = lo such that v is a defining function for lo and the forms df, dd c u 
and dd c v are flat on lo (see the proof of Proposition 13.1(1 . □ 
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6. Vanishing of foliation cohomology 

Let (M, C) be a C r foliated manifold. Denote by C£ the sheaf of real C r 
functions on M which are constant on the leaves. If C is the Levi foliation of 
a Levi-flat hypersurface M then C£ is the sheaf of real valued CR functions 
of class C r on M. The following proves Proposition II .21 in case (e). 

Theorem 6.1. Let C be a transversely orientable codimension one foliation 
of class C r on a manifold M (r G {2, 3, • • • ,oo,w}). If H^M,^' 1 ) = 
then L is given by a closed, nowhere vanishing one-form of class C r ~ 1 . 

The cohomology group -ff 1 (M, C^ -1 ) can be understood either as a Cech 
group, or as a de Rham group, 

Proof. Transverse orientability of C implies the existence of a C r_1 vector 
field v which is transverse to C Choose a transversely oriented C r foliation 
atlas {(Uj, 4>j) : j G J} on M defining C. Write 4>j = (<fij, hj) where hj maps 
Uj onto an open interval Ij C M and {hj = c} are the plaques of C\ijj- For 
any i,j G J with Uj := U n Uj ^ we have hi = a%j o hj on Uj where 
Uij : hj(Uj) — > hi(Uj) is a C r diffeomorphism with positive derivative. (The 
collection {a^} is a Haefliger cocycle defining C ^H^, [HS]-) We may assume 
v(hj) > for every j. Differentiation gives 

u(hi) = (a'ij o hj) u{hj) on Uj. 

This shows that the collection of positive functions fry = a'^ohj G C r ~ l (Uij) 
is a one-cocycle on the covering {L^-} with values in the multiplicative sheaf 
B T £ l of positive functions of class C r_1 which are constant on the leaves of 
C. The exponential map, exp: 

C £ _1 ^r 1 ' 6 ~> e& > defines 

an isomor- 
phism between the two sheaves (the group operation is additive on the first 
sheaf and multiplicative on the second). The hypothesis H 1 (M, C^ -1 ) = 
therefore implies that, after passing to a finer £-atlas, the cocycle b{j is a 
coboundary, b{j = bj/bi for some bj G T(Uj, B 1 ^ 1 ). This gives 

bi v{hi) = bj v{hj) on Uj. 

Since bj is constant on the plaques {hj = c} C Uj, we have bj = j3j o hj for 
a unique C r ~ 1 function (3j : hj(Uj) — ► R. Setting ay = J" /3j and Uj = ctj o /i, 
we have 

Z^(llj) = (Ctj O /ij) l^(/lj) = (/9j O ^(/ij) = 6y ^(/ij) > 0. 

We have thus obtained functions Uj G C^(Uj) (j G J) which are constant 
on the plaques in [7j and satisfy v(v,j) > on Uj and z/(uj) = v (uj) on C/jj. 
Assuming as we may that the sets Uj are connected, it follows that the 
differences Cy = Uj — Uj on £/j,- are real constants. Hence the collection of 
differentials duj (j G J) defines a closed nowhere vanishing one-form rj on 
M with kerr? = TC. □ 
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7. Transverse holomorphic vector fields 

In this section we prove Theorems 11.71 11,81 and 11.91 The key ingredient is 
the following result on the existence of transverse holomorphic vector fields. 
(Compare with Bedford and Fornaess |11| Proposition 6.2] and Straube and 
Sucheston |HS1 P- 156, Proposition].) 

Proposition 7.1. Let M C C n be a Levi- flat hypersurface of class C r , 
r > n + 2, with aC r defining function v satisfying j r ~ 2 dd c v\M = 0. Let A be 
a compact strongly pseudoconvex set in M (see Theorem There exists 
a sequence of holomorphic vector fields £, v in open neighborhoods of A in C n 
(y = 1,2, . . .) such that the sequence £ u v = (dv,£ u ) converges to 1 uniformly 
on A as v — > oo. 

In particular, the holomorphic vector fields £ u are transverse to M near A. 
Recall that a function v with required properties exists if the Levi foliation of 
M is defined in a neighborhood of A by a nowhere vanishing closed one-form 
of class C r_1 ; see Proposition 1.2 for sufficient conditions. 

Proof. By enlarging A slightly inside M we may assume that Proposition !^. ^1 
applies and hence A is uniformly "H-convex. Choose Stein open sets U u D A 
in C" (y = 1,2,3,...) satisfying p.ljl . Let gj = dv/dzj for j = l,...,n. 
Note that dgj/dz^ = d 2 v /dzjdzk is flat to order r — 2 on M; in particular, 
gj is a CR function on M near A. 

Lemma 7.2. There exist holomorphic functions g u j € 0(U U ) (j = 1, . . . ,n, 
v = 1, 2, . . .) satisfying 

\9u,j(z) — 9j(z)\ < const- v~ l l 2 , z G A. 

Proof. Fix j G {1, . . . , n} and drop j from the notation. By the assumption 
we have |9<7(z)| = o(d{z, A) r ~ 2 ^ where d(z, A) = inf{|z — w\: w £ A}. Since 
every point of U v has distance at most cz/" 1 from A and the volume of U u 
is proportional to v~ l (its thickness in the normal direction), we get 

PsIU-OM =o(v 2 ~ r ), \\dg\\i?(u v ) < \m L °°(u„)V™^ = o(v 3/2 - r ). 
By Hormander [SHI there exists a solution u u of 
du v = dg on U u , 

\\uu\\lz(u„) < const- \ \dg\\ L 2 {Uv) = o(^ 3/2_r ). 

Recall that every C 1 function u on B e = {Q G C n : |C| < e} satisfies 

|n(0)| < const- {e~ n \\u\\ L 2 {Be) + e\\du\ \ L °°(B e )) ■ 

Applying this estimate to u v at points z G A with e = cv" 1 gives 

K(z)\ < v n o{u^ 2 - r ) + u- 1 o(u 2 ~ r ) = o(v n+3/2 ~ r ). 

The function g v = g — u u is then holomorphic on U u for every v G N, and 
assuming r > n + 2 we get the estimate in Lemma 17.21 □ 
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Now the proof proceeds as in |641 p. 257]. Let C(A) denote the uniform 
algebra of all continuous complex valued functions on A endowed with the 
sup norm, and let A(A) be the closure in C(A) of the subalgebra 0(^1)1^ 
consisting of the restrictions to A of functions holomorphic in open neigh- 
borhoods of A in C n . Lemma 17.21 shows that gj G <A(A) for j = 1, . . . , n. 
Since these functions have no common zeros on A, a theorem of Rossi |53| 
Theorem 2.12] gives functions fj E A(A) satisfying 

n n q 

j=l j=l 3 

on A. Choose sequences of holomorphic functions f v j in small open neigh- 
borhoods of A in C n such that lim^oo f v j\A = fj for j = l,...,n (the 
convergence is uniform on A). The sequence of holomorphic vector fields 
= X^=i fvj'Bz 7 then satisfies the conclusion of Proposition 17. II □ 

Proof of Theorem \1.7\ Let O CC C" be a smoothly bounded pseudocon- 
vex domain with a smooth defining function p, and let A C b£l denote the 
set of infinite type points. Boas and Straube proved in p. 227, The- 
orem] that the Neumann operator N q and the Bergman projection P q are 
continuous on the L2-Sobolev space W? q \ (f2) for < q < n and s > 
provided that there is a constant C > 1, and for each sufficiently small e > 
a smooth vector field £ e of type (1, 0) in an open set U e D A in C n , satisfying 
the following estimates at each point of A: 

(1) |arg(£ £ p)| < e, C~ l < < C, and 

(2) \(dp,[£ e ,d/dz j ])\<efoTj = l,...,n. 

(See also |61|.) Assume now that the conditions of Theorem 1 1 . 71 are satisfied. 
Let v be an asymptotically pluriharmonic defining function for the Levi- 
flat hypersurface M in a neighborhood of A C M D 60. Proposition 17.11 
furnishes holomorphic vector fields £ e satisfying condition (1) for the function 
v (instead of p), and [£ e , d/dzj] = since £ e is holomorphic, so (2) holds. 
Since A is the closure of its relative interior in b£l, the gradients of v and p 
are parallel along A, and we infer that (1) also holds for p. The conclusion 
now follows from the results of ^2] and jlHj . 

If A is not the closure of its relative interior then dv and dp might be 
completely different on A and we could not infer the condition (1) for p. 
This happens in the worm domain where A is a single annular leaf. 

Note that a desired family of vector fields satisfying (1) and (2) is obtained 
in |SH] and [12] under weaker hypotheses on 6f2 near the set of infinite type 
points. In the case at hand the construction in Proposition 17.11 gives a more 
precise result, although it is based on the same ideas. 

Proof of Theorem Choose a small open Stein neighborhood U C C n 
of A and write U\M = U+ U U-, where U± are the two sides of M in 
U . We denote by [M n U] 0,1 the (0, l)-part of the integration current over 
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M n U. Let / be a CR function of class C fe,Q in a neighborhood of U n M 
in M. Then f[M n C/] ' 1 is a enclosed current in U; since £7 is Stein, there 
exists a distribution F on U satisfying dF = f[M n E/] ' 1 . As /[M n U] ' 1 
is supported by M n U, F\u± is holomorphic on U±. Since / is of class 
C k ' a with < a < 1, Theorem 1 in JS] implies that each of the functions 
-F|t/ ± extends to a function F± G C k ' a (U± U (M n {/)), and the jump formula 
f = F + - F_ holds on M n £/. 

Let £ be a transverse holomorphic vector field to M in a neighborhood 
of A, furnished by Proposition 17.11 Choosing a correct orientation we may 
assume that the flow of £ carries a neighborhood of A in M to U+ for 
small i > 0, and to J7_ for small t < 0. For sufficienty small i > the 
function 

g t = F + o & - F_ o (j)_ t 

is well defined and holomorphic in an open neighborhood Vt C C n of A, and 
limtj_o 3tU — / m the C k,a topology, thus completing the proof. 

If the initial CR function / is of class C k for some integer k > 1, the above 
proof gives approximation by holomorphic functions in the C k ~° sense. 

Proof of Theorem \1.!A By Proposition 17.11 there is a holomorphic vector 
field in a neighborhood of A in C n which is transverse to M. A Stein 
neighborhood basis of £1 is then furnished by jlll Lemma 7.3] (see also |251 
Lemma 1]), and the Mergelyan approximation property (2) follows from the 
work of Fornaess and Nagel |251 Theorem 1] . 

8. A Levi-flat hypersurface with a worm on each side 

The example in this section has been suggested to us by J.-E. Fornaess; 
it was used in a related context by Bedford and Fornaess and the main 
idea can already be seen in the worm domain of Diederich and Fornaess [2H] ■ 
We shall see that all our results fail in this example due to the existence of 
an annular leaf with nontrivial holonomy, thus justifying the hypotheses in 
Theorem 1 1 . 1 1 and Proposition 11.21 (This example was also discussed in |63[ 
p. 147, Remark 4].) 

Denote by (z, w) the coordinates on C* x C. Let M C C* x C be the real 
analytic hypersurface defined by the following equivalent equations: 

M: %{we ilosz ) = ^ %(we lloslzl ) = 0. 

Indeed, the functions under parentheses differ only by the positive multi- 
plicative factor e arg ^. The first function is multivalued pluriharmonic and 
hence M is Levi-flat. Introducing the holomorphic map $: C 2 -> C* x C, 
= (e c ,te - ^), one sees that M = $(C x K). The restriction $(-,t) 
to a leaf C x {t} cCxI gives a parametrization of the corresponding leaf 

L t = {(e C , te- i( ) : ( £ C} C M, t G R 
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in the Levi foliation C of M. This parametrization is biholomorphic if t ^ 
(so Lt — C) while for t = it is the covering map C — > Lq = C* x {0}, 
C-(e<,0). 

The line E = {(1, s) : s € R} C M is a global transversal for C, and for 
every teKwe have L t f] E = { ( 1 , te 2kw ) : A; £ Z}. The only closed leaf is 
Lq = C* x {0} to which all other leaves Lt approach spirally. Identifying E 
with R we see that the holonomy of Lq along the positively oriented circle 
\z\ = 1 is s — ► se _27r . The space of leaves M/£ is the union of a point 
representing Lq and two closed circles, each representing the leaves Lt for 
t > resp. for t < 0. Writing h(z,w) = we l ^ ogz we see that the closed 
holomorphic one-form 

dh dz dw 
r] = — = i— + — 

h z w 

on C* x C* defines the Levi foliation of M\Lq; there is no such closed one- 
form in any neighborhood of Lq due to nontrivial holonomy. 

The hypersurface M divides C* x C in two connected components 

M± = {(z,w) £ C* x C: ±5(we nog ^) > 0} 

which have the essential properties of a worm domain (Diederich and Forn- 
sess |23j). The family of complex annuli 

R s = {{z, is) : e~ n/2 < \z\ < e w/2 }, s £ R 
satisfy the following: 

- R C L C M, 

- bR s C M for all s£l, 

- R s C M + if s > and R s C M_ if s < 0. 

If / is a holomorphic function in an open neighborhood of the annular set 

A = {(z,w) £ M: e~ n/2 < \z\ < e n/2 , \w\ < 1} 

then by analytic continuation along the family of annuli R s , s £ [—1,1], 
one obtains a holomorphic extension of / to a neighborhood of the Levi-flat 
hypersurface R = U sg r_ i t i]R s which therefore belongs to the holomorphic 
hull of Aq. Since R intersects both M + and M_, we see that Theorem 
II. II fails. Likewise Theorem 11.41 fails for any strongly pseudoconvex domain 
D C C* x C containing Aq, and Theorem 11.91 fails for any pseudoconvex 
domain ft, CC C* x C with Aq C MX 

Corollary 11.61 fails as well which is seen as follows. With D as above 
set D± = D n M±, A = D f] M D Aq, uj = bD + \A, K = XL and = 
D\K C D+, where K denotes the 0(-D + )-hull of K. The above discussion 
shows that R C K and hence ft is a proper subset of D + . By and US] 
every continuous CR function on u extends holomorphically to ft; since ft is 
pseudoconvex (HHl, there exists / € 0(0) n C(ft U cj) which does not extend 
holomorphically to D + . 
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Finally, if 17 C C C 2 is a smooth pseudoconvex domain with Aq C 60 and 
such that 60\^4o is strongly pseudoconvex then the results of Barrett [H] 
carry over from the standard worm domain and show that the 9-Neumann 
problem is not globally regular on ft, in the sense that the 9-Neumann 
operator N q is not continuous on the Sobolev spaces Wfi [H31 P- 147, 
Remark 4]. For a more precise result see Christ |19j . 

In the above example the worm phenomen is caused by an annulus con- 
tained in a leaf with nontrivial infinitesimal holonomy; there exist small 
holomorphic deformations of this annulus with boundaries contained in M 
and such that the interiors move to both sides of M. We now show that this 
cannot happen along a leaf with trivial (first order) infinitesimal holonomy. 
Recall that the holonomy along a loop 7 C L is infinitesimally trivial to 
order k G N if the associated holonomy map on a local transversal I to C at 
some point p G 7 is of the form x — ► x + o(|x| fc ) in some (and hence any) 
local coordinate x on £, with x = corresponding to p. 

Proposition 8.1. Let M be an orientable Levi-flat hypersurface in a com- 
plex manifold X. Assume that K C X is a Stein compact which is contained 
in a leaf L of the Levi foliation of M. If the holonomy of L is infinitesimally 
trivial to the first order along each loop contained in an open neighborhood 
of K in L then there is a holomorphic vector field in a neighborhood of K 
in X which is transverse to M . 

Translating M by the flow of a vector field in Proposition ^ II gives a Stein 
neighborhood basis of a compact set A C M which contains K in its relative 
interior; in particular, M has no worm in a neighborhood of K. 

Proof. Replacing X by a small Stein neighborhood of K we may assume 
that the leaf L is a closed complex submanifold of X. Let J denote the 
sheaf of ideals of L. For a fixed k G N let V be the subsheaf of J consisting 
of all germs h p G J p (p G L) such that dh(p) 7^ and 9/i|m = °(|^| fc ) 011 a 
neighborhood of p in M; for p ^ L we take V p = J p = O p . Let V denote the 
image of V in J /J k+l . If the holonomy of L is trivial to order k then the 
sheaf V admits a section h (Barrett |HJ p. 361, Proposition]). In our case 
this holds with k = 1. Since X is Stein, Cartan's Theorem B implies that h 
lifts to a section h of J, i.e., h is a holomorphic function vanishing on L to 
the first order and satisfying Qh = o(\h\) on a neighborhood of the leaf L in 
M. Choose a holomorphic vector field £ on X satisfying (dh, £) = yf— T on 
L. From ^sH\m = °(H) we see that £ is transverse to M along L. □ 

9. PlECEWISE REAL ANALYTIC LEVI-FLAT HYPERSURFACES 

In §8 we have seen that the conclusion of Theorem 11.11 may fail in the 
presence of a leaf with nontrivial infinitesimal holonomy, but Proposition 
18.11 gives some hope that leaves with trivial infinitesimal holonomy may 
present no problem. Hence the following is a reasonable problem. 
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Problem 9.1. Suppose that the Levi foliation of M is simple in the com- 
plement of finitely many leaves L\, . . . , and the infinitesimal holonomy 
of each Lj is trivial (perhaps to a high order). Does it follow that each 
compact set A C M as in Theorem 1 1.1 1 is a Stein compact? 

In this section we give examples indicating that foliations of this type are 
rather common in the class of piecewise real analytic Levi-flat hypersurfaces. 
We also show that some of the standard constructions of real codimension 
one foliations, such as the creation of a Reeb component, turbulization and 
spinning, can be performed in this class. 

Let E be a real analytic manifold. Suppose that E = D± U • • • U D m where 
each Dj is a closed domain with real analytic boundary bDj in E such that for 
j 7^ k the intersection DjCiD^ is a union of connected components of bDj and 
bDk (possibly empty). Assume that for each j we are given a real analytic 
codimension one foliation Tj in an open neighborhood of Dj in E such that 
bDj is a union of leaves. Let F denote the foliation of E whose restriction 
to Dj equals Fj\r>y If the foliations on each pair of adjacent domains Dj, 
Dk match up to order r along their common boundary components then F 
is a transversely piecewise real analytic foliation of class C r of E, with real 
analytic leaves. (This is a special case of the tangential gluing of foliations 
|16l §3.4].) Recall that a pair of codimension one foliations match up to 
order r along a common boundary leaf L if and only if their holonomies 
along any closed loop 7 C L are tangent to the identity map to order r 
on the respective sides of a local transversal to L at a point in 7 |161 p. 91, 
Proposition 3.4.2.]. F is transversely orientable when each of the constituent 
foliations is such and their orientations match along the boundary leaves. 

Suppose now that E is embedded in a complex manifold {X, J) as a real 
analytic maximal real submanifold, meaning that T X X = T X T, © J(T X E) for 
all x G E. (Every real analytic manifold E admits such an embedding into its 
complexification. If dimu E = 3 and E is orientable then it admits a maximal 
real embedding in C 3 |26j . |33j.) Let F be a real analytic codimension 
one foliation of E. Complexifying a leaf F G F gives a complex submanifold 
F in an open neighborhood of E, with F n E = F and dimc-F = dim^i 7 . 
Locally we can perform the complexification uniformly for all nearby leaves; 
restricting our attention to a compact subset A C S we thus find an open 
neighborhood U C X of A and a Levi-flat real analytic hypersurface M C U 
with Levi foliation C = {F n U : F G F}. Along E n U C M we have 
TM = TT © J(TF) © N = TC@ N where N ~ TT,/TF is the normal 
bundle of T in E. 

Essentially the same construction applies to a piecewise real analytic fo- 
liation T of E described above. If T is transversely C r at each of the leaves 
in bDj n bDk then the complexifications of the individual foliations Fj on 
Dj match to order r along the common boundary components. In this way 
we obtain a Levi foliation £ on a piecewise real analytic C r hypersurface 
M = Mi U • • • U M m , with C\Mj the complexification of Fj. The foliated 
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manifolds (M, C) and (X,.F) have the same structure, in particular, the 
same space of leaves. We now turn to concrete examples. 

9.1. A Levi-flat hypersurface with a Reeb foliation. (For the standard 
C°° Reeb foliation see Examples 1.1.12 and 3.3.11 in |16|.) Choose integers 
n,r > 1. Let (x, t) be coordinates on R n x S l . Choose a strictly increasing 
polynomial function A: R -> R satisfying A(0) = -vr/2, A(l) = 0, A(4) = 
7r/2, whose derivatives up to order r vanish at 0, 1,4. The one-form 

u = cos X(p)dp + sin X(p)dt (p = \x\ 2 G R + ) 

is real analytic and nowhere vanishing on R™ x S 1 . From dm A m = we infer 
that m determines a codimension one foliation T of W 1 x S 1 . Its restriction 
to T = D n x S 1 (D n = {x e R n : \x\ < 1}) is a Reeb foliation of T (a Reeb 
component) with the only closed leaf Fq = bD n x S 1 = 5 n_1 x S 1 to which 
all other leaves spirally approach. This foliation is not defined by a closed 
one-form in any neighborhood of Fo due to nontrivial holonomy along the 
loops {x} x S 1 (\x\ = 1); this holonomy is flat to order r. The restriction of 
T to {|x| < 1} x S 1 is a simple foliation given by a fibration over S . 

We decompose the three-sphere S = S 3 in a union T\ U T2 of two solid 
tori diffeomorphic to D 2 x S 1 , with T 1 nT 2 = bT x = bT 2 = F ~ S 1 x S 1 . 
Endowing each Tj with a Reeb foliation J-j described above one obtains a 
piecewise real analytic Reeb foliation T of S whose Reeb components match 
to order r G N along the boundary leaf Fo. (For the C°° case see ^3 p. 93, 
Example 3.4.4.].) Embedding S as a real analytic totally real submanifold 
of C 3 and complexifying T we obtain a piecewise real analytic Levi- 
flat hypersurface M C C 3 whose Levi foliation has the structure of the 
Reeb foliation on S 3 . M admits an asymptotically defining function in 
the complement of the leaf Lq = Fq (the complexification of the torus leaf 
Fo C S), but there is no such function near Lo due to nontrivial holonomy. 

By Novikov [SJ every C 2 foliation of 5 3 by surfaces contains a Reeb 
component. According to Barrett |Hj the Reeb foliation on S 3 cannot be 
realized as the Levi foliation of a smooth compact Levi-flat hypersurface, 
but there are topological realizations with a corner along the torus leaf. 

9.2. Turbulization. Let T be the foliation in the previous example, but 
considered now on \\x\ < 2} x S . Since A(4) = tt/2 and the derivatives 
of A up to order r vanish at 4, the one-form u is tangent to dt to order 
r along the torus T' = {\x\ = 2} x S 1 , and hence T matches along T' 
to order r with the trivial (horizontal) foliation J-q of R n x S 1 with leaves 
{t = c}. Let Tturb denote the foliation of R n x S 1 which equals T on 
{|x| < 2} x S 1 and equals T§ on \\x\ > 2} x S 1 . This deformation of Tq, 
known as turbulization can be made in a small tubular neighborhood 
of any closed transversal 7 in a codimension one foliation and produces a 
new Reeb component along 7. In the real analytic case it can be made by 
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a piecewise real analytic deformation which is suitable for complexification, 
thus giving Levi-flat realizations of turbulization. 

9.3. Spinning. The spinning modification can be made at a boundary com- 
ponent S C bM of a foliated manifold (M, J 7 ) provided that every leaf of 
J 7 intersects S transversely and the induced foliation {F n S : F £ J 7 } is 
determined by a closed one-form on S |161 p. 84, Example 3.3.B.]. This 
modification changes S into a closed leaf of a new foliation J- sp in which is 
then suitable for tangential gluing along S. If all data are real analytic then 
J- spin can be made piecewise real analytic and smooth to a given finite order. 
In fact, the Reeb component J- on D n x S 1 in §9.1 is obtained by spinning 
the trivial foliation with leaves D n x {t} along the boundary bD n x S . 
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